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Abstract
A path P in an edge-colored graph G where adjacent edges may be colored the same is said to be a rainbow path, if its edges have
distinct colors. For a κ-connected graph G and an integer k with 1 ≤ k ≤ κ, the rainbow k-connectivity, rck(G) of G is deﬁned as
the minimum integer j for which there exists a j-edge-coloring of G such that every two distinct vertices of G are connected by k
internally disjoint rainbow paths. In this paper, we determine upper bounds for rainbow 2-connectivity of the Cartesian product of
two paths and the Cartesian product of a cycle and a path.
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1. Introduction
All graphs considered in this paper are ﬁnite and simple. Let G be a nontrivial and connected graph. Deﬁne an
edge-coloring c : E(G) → {1, 2, ..., k} for some k ∈ N, where adjacent edges may have the same color. A path P in
G is called rainbow if its edges have distinct colors. An edge-colored graph G is said to be rainbow connected, if
for any two vertices in G are connected by a rainbow path. Clearly, if G is rainbow connected, it must be connected.
Conversely, any connected graph has a trivial edge coloring that makes it rainbow connected, i.e., the coloring such
that each edge has a distinct color. Chartrand et al. [3], introduced the concept of the rainbow connection number of a
connected graph, denoted by rc(G), as the minimum integer k for which there is an edge-coloring of G such that G is
rainbow connected.
Suppose that G is a κ-connected graph with κ ≥ 1. It follows from a well-known theorem of Whitney[5] that for
every integer k with 1 ≤ k ≤ κ and every two distinct vertices u and v of G, the graph G contains k internally disjoint
u − v paths. In [4], Chartrand et al. introduced the concept of rainbow k-connectivity of a connected graph, denoted
by rck(G), as the minimum integer j for which there exists a j-edge-coloring of G such that for any two distinct
vertices u and v of G, at least k internally disjoint u − v rainbow paths exist. Thus by deﬁnition, rc1(G) = rc(G) is
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the rainbow connection number of G. By coloring the edges of G with distinct colors, we see that every two vertices
of G are connected by κ internally disjoint rainbow paths and so rck(G) is deﬁned for every integer k with 1 ≤ k ≤ κ.
Furthermore, rck(G) ≤ rc j(G) for 1 ≤ k ≤ j ≤ κ.
The concept of rainbow k-connectivity has applications in communication networks security (refer to Chartrand
et al. [4] and Ericksen[6]). Chakraborty et al. [2] showed that computing the rainbow connection number of a graph is
NP-hard. Therefore, computing rainbow k-connectivity of a connected graph is also NP-hard and so, it is diﬃcult to
derive the exact value or a nice bound of the rainbow k-connectivity for a general graph G [9]. Nevertheless the value
of rainbow k-connectivity of some classes of special graphs are known, such as those complete graphs, complete
bipartite graphs [4] and complete multipartite graphs[9]. There are some results about rainbow connection number of
graphs resulted from graph operations. Li and Sun[10] obtained some results on bounds for the rainbow connection
number of products of graphs, including Cartesian product, lexicographic product, and join of graphs. Basavaraju
et al. [1] determined bounds for the rainbow connection number of graphs that are obtained by Cartesian product,
lexicographic product, strong product, and the operation of taking the power of graph according to the radius of graphs.
Gologranc et al. [7] investigated bounds for the rainbow connection number of direct, strong, and lexicographic product
of graphs. However, rainbow k-connectivity of graphs resulted from graph operation have not yet been studied.
In this paper, we determine upper bounds for rainbow 2-connectivity of the Cartesian product of two paths and the
Cartesian product of a cycle and a path.
2. Main Result
The following deﬁnition of the Cartesian product of two graphs is taken from Hammack et al. [8]. The Cartesian
product of G and H is a graph, denoted by G×H, whose vertex set is V(G)×V(H). Two vertices (g, h) and (g′, h′) are
adjacent if g = g′ and hh′ ∈ E(H), or gg′ ∈ E(G) and h = h′. We denote a cycle on n vertices and a path on m vertices
by Cn and Pm, respectively. For simplifying, we deﬁne [a, b] = {x ∈ Z|a ≤ x ≤ b}.
Theorem 1. Let m and n be two positive integers with n ≥ 3,m ≥ 2, and n ≥ m. Then the rainbow 2-connectivity of
the Cartesian product of Pn and Pm is rc2(Pn × Pm) ≤ 2n − 1.
Proof. Let V(Pn × Pm) = {u ji |1 ≤ i ≤ n, 1 ≤ j ≤ m} and E(Pn × Pm) = {u ji u ji+1, u ji u j+1i |1 ≤ i ≤ n − 1, 1 ≤ j ≤ m − 1}.
If n > m, we deﬁne an edge-coloring c : E(Pn × Pm)→ [1, 2n − 1] as follows.
c(u ji u
j
i+1) =
{
i, for i ∈ [1, n − 1] and j = 1;
c(uj−1i−1 u
j−1
i ), for i ∈ [1, n − 1] and j ∈ [2,m] where uj−10 u j−11 = u j−1n−1u j−1n ;
If n = m, we add the following colors to the coloring c.
c(uni u
n
i+1) =
{
3 − i, for i ∈ [1, 2];
n − i + 2, for i ∈ [3, n − 1];
and
If n ≥ m, we deﬁne the following colors to the coloring c.
c(u ji u
j+1
i ) =
{
n + i − 1, for i ∈ [1, n] and j = 1;
c(uj−1i−1 u
j
i−1), for i ∈ [1, n] and j ∈ [2,m − 1] where uj−10 u j0 = u j−1n u jn.
Observe two distinct arbitrary vertices x and y. We shall consider two cases.
Case 1. x = u ji and y = u
j
k with i < k. If x is adjacent to y, then there exist two internally disjoint rainbow paths u
j
i u
j
k
and (u ji u
j−1
i u
j−1
i+1 u
j
k or u
j
i u
j+1
i u
j+1
i+1 u
j
k or u
j
i u
j−1
i u
j−2
i u
j−2
i+1 u
j−2
i+2 u
j−1
i+2 u
j
i+2u
j
k or u
j
i u
j+1
i u
j+2
i u
j+2
i+1 u
j+2
i+2 u
j+1
i+2 u
j
i+2u
j
k), where k = i + 1
which connect x and y. If x is not adjacent to y, then there exist two internally disjoint rainbow paths u ji u
j
i+1 . . . u
j
k and
(u ji u
j+1
i u
j+1
i+1 . . . u
j+1
k u
j
k or u
j
i u
j−1
i u
j−1
i+1 . . . u
j−1
k u
j
k) which connect x and y.
Case 2. x = u ji and y = u
l
k with j < l. If x is adjacent to y, then k = i and l = j + 1. There exist two internally disjoint
rainbow paths u ji u
l
k and (u
j
i u
j
i+1u
j+1
i+1 u
l
k or u
j
i u
j
i−1u
j+1
i−1 u
l
k or u
j
i u
j−1
i u
j−1
i+1 u
j−1
i+2 u
j
i+2u
j+1
i+2 u
j+1
i+1 u
l
k or u
j
i u
j
i+1u
j
i+2u
j+1
i+2 u
j+2
i+2 u
j+2
i+1 u
j+2
i u
l
k)
which connect x and y. If x is not adjacent to y, we consider two cases. If i = k, then there exist two internally disjoint
rainbow paths uji u
j+1
i u
j+2
i . . . u
l
i and (u
j
i u
j
i+1u
j+1
i+1 . . . u
l
i+1u
l
i or u
j
i u
j
i−1u
j+1
i−1 . . . u
l
i−1u
l
i) which connect x and y. If i  k, then
there exist two internally disjoint rainbow paths u ji u
j
i+1 . . . u
j
ku
j+1
k u
j+2
k . . . u
l
k and u
j
i u
j+1
i . . . u
l
iu
l
i+1 . . . u
l
k which connect x
and y. Thus rc2(Pn × Pm) ≤ 2n − 1.
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Fig. 1. Illustration of Theorem 1 for n = m and n  m.
Theorem 2. Let m and n be two positive integers with n ≥ 3 and m ≥ 2. The rainbow 2-connectivity of the Cartesian
product of a cycle Cn and a path Pm is rc2(Cn × Pm) ≤ m2 	n.
Proof. Let V(Cn × Pm) = {u ji |1 ≤ i ≤ n, 1 ≤ j ≤ m} and E(Cn × Pm) = {u ji u ji+1, u ji u j+1i |1 ≤ i ≤ n, 1 ≤ j ≤ m where
un+i = ui}.
We deﬁne an edge-coloring c : E(Cn × Pm)→ [1, m2 	n] as follows.
If n = 3, we deﬁne the following colors to the coloring c.
c(u ji u
j
i+1) =
{
( j−12 )n + i, for i ∈ [1, n] and for odd j with j ∈ [1, 2
m+12  − 1];
c(u j−1i+1 u
j−1
i+2 ), for i ∈ [1, n] and for even j j ∈ [2, 2
m+12 ];
If n ≥ 4, we deﬁne the following colors to the coloring c.
c(u ji u
j
i+1) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
i, for i ∈ [1, n] and j = 1;
c(uj−1i+1 u
j−1
i+2 ), for i ∈ [1, n], j ∈ [2, 3];
( j2 − 1)n + 2 + c(u1i u1i+1), for i ∈ [1, n − 2], j = 4, and n is even;
2n − 
 n2  + i − 1, for i ∈ [1, n − 2], j = 4, and n is odd;
c(u j−1i+1 u
j−1
i+2 ), for i ∈ [1, n] and j = 5;
j
2 + c(u
1
i u
1
i+1), for i ∈ [n − 1, n] and j = 4;
c(u4i u
4
i+1) + 2( j − 4), for i ∈ [1, n] and for even j with j ∈ [6, 2
m+12 ];
c(u5i u
5
i+1) + 2( j − 5), for i ∈ [1, n] and for odd j with j ∈ [7, 2
m+12  − 1];
If n ≥ 3, we deﬁne the following colors to the coloring c.
c(u ji u
j+1
i ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
( j − 1)n + i − 1, for i ∈ [2, n] and j ∈ [1, 2];
jn, for i = 1 and j ∈ [1, 2];

 j2 n + i, for i ∈ [1, n] and for odd j with j ∈ [3, 2
m+12  − 1];

 j+12 n + i − 1, for i ∈ [2, n] and for even j with j ∈ [4, 2
m+12 ];
 j+12 	n, for i = 1 and for even j with j ∈ [4, 2
m+12 ].
Observe two distinct arbitrary vertices x and y. We shall consider two cases.
Case 1. x = u ji and y = u
j
k with i < k. If x is adjacent to y, then there exist two internally disjoint rainbow paths u
j
i u
j
k
and u ji u
j
i−1 . . . u
j
1u
j
nu
j
n−1 . . . u
j
k which connect x and y. If x is not adjacent to y, then there exist two internally disjoint
rainbow paths u ji u
j
i+1 . . . u
j
k and u
j
i u
j
i−1 . . . u
j
1u
j
nu
j
n−1 . . . u
j
k which connect x and y.
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Case 2. x = u ji and y = u
l
k with j < l. If x is adjacent to y, then i = k and l = j + 1, and so there exist two
internally disjoint rainbow paths u ji u
l
k and u
j
i u
j
i−1u
l
i−1u
l
k which connect x and y. If x is not adjacent to y, we consider
two cases. If i = k, then there exist two internally disjoint rainbow paths u ji u
j−1
i u
j−2
i . . . u
l
i and u
j
i u
j
i−1u
j−1
i−1 . . . u
l
i−1u
l
i
which connect x and y. If i  k, then there exist two internally disjoint rainbow paths (u ji u
j
i−1 . . . u
j
ku
j−1
k u
j−2
k . . . u
l
k or
u ji u
j
i+1u
j−1
i+1 . . . u
j−1
k u
j−2
k . . . u
l
k) and u
j
i u
j−1
i . . . u
l
iu
l
i+1 . . . u
l
k which connect x and y. This completes the proof.
The two theorems suggest two open problems: (1) whether the bounds presented are tight and (2) a lower bound
for rc2(Pn × Pm) and rc2(Cn × Pm).
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